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Abstract
The aim of this note is to generalize the concept of warped product to a foliated manifold (M,F , g) as follows: If f :M → (0,∞)
is a smooth function constant along the leaves of the foliation F then new metric structure gf on the manifold M is constructed
as follows: gf (v,w) = f 2g(v,w) if v,w are tangent to F and gf (v,w) = g(v,w) if v or w is perpendicular to F . A foliated
manifold (M,F , gf ) is called warped foliation while f is called warping function.
Next, if (fn :M → (0,∞))n∈N is a sequence of warping functions on M , the question of the existence of the limit in Gromov–
Hausdorff of a sequence ((M,F , gfn))n∈N warped foliation is asked. A number of examples is considered such foliations with
dense leaf or foliations consisting of finite number of Reeb components. Next, sufficient and necessary condition of converging
in Gromov–Hausdorff sense of a Riemannian foliation with all leaves compact to the space of leaves with a metric defined by
Hausdorff distance of leaves is developed. Finally some results on Hausdorff foliations with all leaves compact are shown.
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1. Preliminaries
One can define the Gromov–Hausdorff distance (see [3]) between two compact metric spaces (X,dX) and (Y, dY )
as
(1)dGH (X,Y ) := inf
{
dH (X,Y )
}
where d is an admissible metric on X Y , i.e. d is an extension of dX and dY and dH denotes the Hausdorff distance.
Note, that (1) defines a metric on the classM of all classes of isometry of compact metric spaces (see [2]).
In further considerations we will need the following.
Theorem 1. Let ((Xi, dXi ))i∈N, (Y, dY ) be compact metric spaces. If Xi → Y , while i → ∞, in Gromov–Hausdorff
sense then for any η > 0 and for any η-net A = {y1, . . . , yl} on Y there exists a sequence (Ai = {xi1, . . . , xil })i∈N of
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A proof can be found in [2].
Lemma 1. If (X,dX) and (Y, dY ) are compact metric spaces and sets A = {x1, . . . , xk} ⊂ X and B = {y1, . . . , yk} ⊂ Y
are ε-nets on X and Y , respectively, satisfying |dX(xi, xj )−dY (yi, yj )| ε for all 1 i, j  k, then dGH (X,Y ) 3ε.
A proof can be found in [6].
2. Warped foliation
Let (M,F , g) be a foliated Riemannian manifold and let f :M → (0,∞) be a smooth function on M constant
along the leaves of F . Let us modify the metric structure g of the manifold M to a structure gf as follows: if
vectors v,w are both tangent to F then gf (v,w) = f 2g(v,w), but if only one of them is orthogonal to F then
gf (v,w) = g(v,w).
A foliated manifold (M,F , gf ) we call warped foliation and denote by Mf . The function f is called warping
function.
From now we will assume that all manifolds we consider are compact.
3. Trivial examples
Let (M,F , g) be a foliated Riemannian manifold and let F either contains a dense leaf L0 or consists of finite
number of Reeb components.
The Reeb component is understood as in [1], i.e. if Dn = {v ∈ Rn | ‖v‖ = 1} we restrict the submersion f :Rn ×
R → R, f (r, z, t) = (r2 − 1)et to a submersion f :Dn × R → H1, where Hn = {(x1, . . . , xn,0) | x1  0}. Since
0 r  1, so f  0. The boundary Sn−1 × R, which is a level set f = 0, and each level f = c < 0 gives a leaf of the
foliation F1 of Dn × R. The Z-action Z × (Dn × R) → Dn × R, (k, (r, z, t)) → (r, z, t + k), preserves the foliation
F1 and induce a foliation F on the quotient space M = Dn × (R/Z) = Dn × S1. We call the Reeb component all
foliations diffeomorfic to F .
The only warping functions on (M,F) are constant functions. Let (fn :M → (0,1])n∈N, be a sequence of warping
functions on M converging to zero and let x0 ∈ M . We have
Theorem 2. Mfn → {x0} in Gromov–Hausdorff topology while n → ∞.
Proof. Let ε > 0. Let us denote by dn a metric on M defined by a metric structure gfn and by d a metric defined by g.
Let x0 ∈ M and let X = {x0}.
Case 1: F contains a dense leaf L0
Let B = {x1, . . . , xk} be an ε-net on M such that B ⊂ L0. There exists N ∈ N such that dn(y, x0) < 3ε for all
n > N and y ∈ M . Indeed, let N ∈ N be such that for all n > N
(2)diamL0n (B) < ε.
Now, because B is an ε-net on M , there exist xi, xj ∈ B such that
d(xi, y) < ε and d(xj , x0) < ε.
But dn(p, q) d(p,q) for all p,q ∈ M . Hence, by (2),
dn(x0, y) dn(x0, xj ) + dn(xj , xi) + dn(xi, y) 3ε.
Since {x0} is a 3ε-net on Mfn and |dn(x0, x0) − dX(x0, x0)| 3ε, by Lemma 1 we get the statement.
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A precise proof for only one component will be shown. For larger number of Reeb components the theorem is a
simple consequence of the one component version.
Let L0 be a boundary leaf of F . Let us denote by B the set of all points in M which can be linked with L0 by an
orthogonal curve γ with its length l(γ ) < ε. Since B is open in M the sets L \ B , L ∈ F , are compact. Next, there
exists N ∈ N such that for all k > N diameters diamk(L \ B) < ε for all non-compact leaves and diamk(L0) < ε.
Let y ∈ M . Let γ1 : (0, δ1) → M be a minimal Ly -geodesic curve linking y with z1 ∈ ∂B ∩ Ly , γ2 : (0, δ2) → M
be a orthogonal curve linking z1 with z2 ∈ L0 such that l(γ2) ε, γ3 : (0, δ3) → M be a minimal Lx0 -geodesic curve
linking x0 with z3 ∈ ∂B ∩ Lx0 , γ4 : (0, δ4) → M be a orthogonal curve linking z3 with z4 ∈ L0 such that l(γ4)  ε,
γ5 : (0, δ5) → M be a minimal L0-geodesic curve linking z2 with z4. A curve γ = γ1 ∗ γ2 ∗ γ5 ∗ γ−14 ∗ γ−13 links y
with x0 and in Mfk its length lk(γ ) < 5ε. Hence {x0} forms a 5ε-net on Mfk .
It is obvious that |dn(x0, x0)−dX(x0, x0)| 5ε and hence, by Lemma 1, dGH (Mfn,X) → X in Gromov–Hausdorff
topology while n → ∞. 
4. Riemannian foliations with all leaves compact
We say that a measure μ on a metric space X satisfies Bishop’s inequalities with constants C > 1, η0 > 0 and
p ∈ R if for any x ∈ X and all η < η0
1
C
ηp  μ
(
B(x,η)
)
 C¯ηp.
Let X be a compact metric space and let U = {Ui}i∈{1,...,n} be a covering of X by relatively compact sets. Let
measures μi on Ui satisfy Bishop’s inequalities with constants Ci , ηi and p. Let us define a measure μ on X as
follows:
(3)μ(A) =
n∑
i=1
μi(A ∩ Ui).
Lemma 2. There exist constants C > 1 and η0 > 0 such that μ satisfies Bishop’s inequalities with constants C, η0
and p.
Proof. Let x ∈ X and let l be a Lebesgue number of the covering U . Let η < 12 min{ηi1, . . . , ηin , l} and let B =
B(x,η).
μ(B) =
n∑
i=1
μi(B ∩ Ui)
n∑
i=1
Ci(2η)p  n max
i∈{1,...,n}
{Ci}2pηp.
On the other hand
μ(B) 1
maxi∈{1,...,n}{Ci}η
p.
Putting
C = max{n2p max
i∈{1,...,n}
{Ci}, max
i∈{1,...,n}
{Ci},1
}
and
η0 = 12 min{ηi1, . . . , ηin , l}
we get the statement. 
Now, let F be a compact Riemannian manifold and let G ⊂ Isom(F ) be a subgroup such that r := supx∈F #G(x) <
∞. Let π :F → F/G be a natural projection and let ν denotes the measure on F/G given by
ν(A) = 1vol(π−1(A)),
r
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defined by a Hausdorff distance of the orbits.
Lemma 3. There exists C  1 and η0 > 0 such that ν satisfies Bishop’s inequalities with constants C, η0 and p =
dimF .
Proof. Since F is compact the volume function satisfies Bishop’s inequalities with some constants C˜, η˜0 and
p = dimF . Let η < η˜0, x˜ ∈ F˜ . Note, that if z ∈ π−1(x˜) then B(z,η) ⊂ π−1(B(x˜, η)). Moreover, π−1(B(x˜, η)) ⊂⋃
z∈π−1(x˜) B(z, η). Hence, if z ∈ π−1(x˜), we have
ν
(
B(x˜, η)
)
 1
r
vol
(
B(z,η)
)
 1
rC˜
ηp
and
ν
(
B(x˜, η)
)
 1
r
∑
z∈π−1(x˜)
vol
(
B(z,η)
)
 C˜ηp.
Putting C = rC˜ and η0 = η˜0 we get the statement. 
Let (M,F , g) be a compact Riemannian manifold equipped with a Riemannian foliation F of dimension p and co-
dimension q with all leaves compact. Let us denote by L the space of leaves of F with a metric defined by Hausdorff
distance dH of leaves. As an easy corollary of the above lemmas we have
Corollary 1. There exist constants CL > 1, ηL > 0 and a measure λ on L satisfying Bishop’s inequalities with
constants CL, ηL and q .
Proof. Since the space of leaves L of the Riemannian foliation with compact leaves is locally a good orbifold
(see [4,5]), by Lemma 3 we can find a finite covering of L by relatively compact sets Ui , i ∈ {1, . . . , k}, with measures
λi satisfying Bishop’s inequalities with constants Ci , ηi , q . Let λ be a measure on L given by formula (3) with μi
replaced by λi . By Lemma 2, λ satisfies Bishop inequalities with constants CL = C, η0 and q where C and η0 are
constants mentioned in the proof of Lemma 2. 
Now, let π denote natural projection from (M,F) to the space of leaves L.
Theorem 3. Let (fk :M → (0,∞))k∈N be a sequence of warping functions on M commonly bounded by a constant
C > 0. Mfn → L in Gromov–Hausdorff topology if and only if for any ε > 0 there exists N ∈ N such that for all
n > N exists an ε-net An on L satisfying fn|π−1(An) < ε.
Proof. (⇐) Let ε > 0, n > N and let D denotes maximum of diameters of leaves. Let An = {L1, . . . ,Lm} be an
ε-net on L such that fn|π−1(An) < ε. Let us choose points x1, . . . , xm ∈ M such that xi ∈ Li , i ∈ {1, . . . ,m}. Let
ε′ = 2 max(D,1) · ε. Since for any y ∈ M there exists i ∈ {1, . . . ,m} such that
dn(y, xi) diamn Li + dH (Ly,Li) < ε′,
the set {x1, . . . , xm} is an ε′-net on Mfn .
Let us notice that dH (Lx,Lx′)  dn(x, x′) for all points x, x′ ∈ M . Moreover dn(xi, xj )  diamn Li +
dH (Li,Lj ) + diamn Lj < dH (Li,Lj ) + ε′. Hence for all i, j ∈ {1, . . . ,m}
|dn(xi, xj ) − dH (Li,Lj )| < ε′.
By Lemma 1 we get that Mfn → L in Gromov–Hausdorff topology.
(⇒) Let us suppose that there exists an ε0 > 0 satisfying for all N ∈ N the following: there exists n > N such
that for any ε0-net An ⊂ L one can find Ln ∈ An satisfying fn|Ln  ε0. One can choose a subsequence (fnk )k∈N, a
sequence (βk)k∈N, leaves Lk ∈F , and a constant β > 0 such that βk  β and fnk |π−1(B(L ,β ))  ε0 for all k ∈ N.k k
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leaf L ∈F we can find another leaf L′ such that fn|L′ < ε0. Let n ∈ N be large enough and let {L1, . . . ,Lν} be an ε0-
net. Now we can move a little leaves of this net to different positions L′1, . . . ,L′ν in such way that the set {L′1, . . . ,L′ν}
is an ε0-net and fn|Lξ < ε0 for all 1 ξ  ν. But this contradicts our supposition.
Now, since L is compact, there exists β0 > 0, L0 ∈ L, and a subsequence (fnk )k∈N such that for all k ∈ N
(4)fnk |π−1(B(L0,β0))  ε0.
Let us suppose also that Mfnk → L in Gromov–Hausdorff topology. Let η > 0 be small enough and let
A = {L0, . . . ,Ll−1} ⊂ L be a minimal η-net. Then, by Theorem 1, there exists a sequence of 2η-nets Ank =
{xnk0 , . . . , xnkl−1} ⊂ Mfnk such that A is a quasi-isometric limit of Ank . Moreover,
(5)l min
L∈L
λ
(
B(L,η/4)
)
 λ(L) and l max
x∈M volnk
(
B(x,2η)
)
 volnkMfnk ,
where λ is a measure mentioned in Corollary 1.
Since M is compact there exist constants ηM > 0 and CM  1 such that volume function on M satisfies Bishop’s
inequalities with constants CM , ηM and dimM . Hence, because of the above, by (4) and (5),
0 < vol
(
π−1
(
B(L0, β0)
)) · εp0
 volnkMfn  λ(L)
maxx∈M volMfnk B(x,2η)
minL∈L λ(B(L,η/4))
 λ(L)CMCLC
p · (2η)dimM
(η/4)q
.
Passing to the limit as η → 0 yields the contradiction. 
5. Hausdorff foliations with all leaves compact
Let (M,F , g) be a foliated Riemannian manifold carrying Hausdorff foliation F with all leaves compact. Let us
denote by L the space of leaves of F . Since F is Hausdorff, the formula
(6)ρ(L,L′) = inf
{
n−1∑
i=1
dist(Li,Lj )
}
where the infimum is taken over all finite sequences of leaves beginning at L1 = L and ending at Ln = L′, defines a
metric on L.
Theorem 4. Let (fn :M → (0,∞))n∈N be a sequence of commonly bounded warping functions on (M,F , g). If
fn⇒ 0 then Mfn → (L, ρ) in Gromov–Hausdorff topology.
Proof. Since F is Hausdorff, the diameters of all leaves are commonly bounded by a certain constant D > 0. Let
ε > 0 and let U = {U1, . . . ,Uk} be a family of sets defined by
Ui =
{
L ∈F | dist(L,Li) < ε
}
, Li ∈F and i = 1, . . . , k
such that U covers the space of leaves of F . Since ρ(L,L′)  dist(L,L′) for any leaves L,L′ ∈ F , the set
{L1, . . . ,Lk} is an ε-net on L. Let dij , 1  i, j, k, be a length of a certain sequence {F i,j1 , . . . ,F i,jdij } such that
Li = F i,j1 , Lj = F i,jdij , and
(7)
dij−1∑
ν=1
dist
(
F i,jν ,F
i,j
ν+1
)
< ρ(Li,Lj ) + ε.
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L ∈ L. Let us choose a set {x1, . . . , xk} ⊂ M such that Lxi = Li for all i ∈ {1, . . . , k}. Since {L1, . . . ,Lk} is an ε-net
on L the points x1, . . . , xk form an 3ε-net on Mfn . Moreover, by (6), for any i, j ∈ {1, . . . , k}
ρ(Li,Lj ) dist(Li,Lj ) dn(xi, xj )
and, by (7),
dn(xi, xj ) diamn(Lxi ) + ρ(Li,Lj ) + ε + d
ε
d
+ diamn(Lxj ) < ρ(Li,Lj ) + 4ε.
By Lemma 1 we get the statement. 
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